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INHOMOGENEITIES IN CHAINABLE CONTINUA
ANA ANUSˇIC´, JERNEJ CˇINCˇ
(with Appendix A by Henk Bruin)
Abstract. We study a class of chainable continua which contains, among others,
all inverse limit spaces generated by a single interval bonding map which is piece-
wise monotone and locally eventually onto. Such spaces are realized as attractors of
non-hyperbolic surface homeomorphisms. Using dynamical properties of the bonding
map, we give conditions for existence of endpoints, characterize the set of local inho-
mogeneities, and determine when it consists only of endpoints. As a side product we
also obtain a characterization of arcs as inverse limits for piecewise monotone bonding
maps, which is interesting in its own right.
1. Introduction
Williams showed [37, 38] that expanding uniformly hyperbolic attractors can be repre-
sented as inverse limits on branched one-manifolds and the dynamics can be completely
understood in the terms of the underlying one-dimensional map. Moreover, such at-
tractors are locally homeomorphic to the product of a Cantor set and an (open) arc.
Thus, in order to understand the properties of non-hyperbolic systems, we need to focus
on those which have inhomogeneous global attractors. The simplest, yet topologically
interesting such systems are inverse limits lim←−(I, f), with a continuous bonding map
f : I → I. It is well-known that every lim←−(I, f) can be embedded in the plane as a global
attractor of a planar homeomorphism, which is conjugate to the natural extension of
f on its global attractor, see [9]. Inverse limits of interval maps contain points which
are locally not homeomorphic to the Cantor set of arcs, called folding points. The term
folding point was introduced by Raines in [35] and the name emphasizes the occurrence
of “folds” in arbitrary small neighbourhoods of such a point, see Figure 3. Our goal is
to understand the structure and properties of the set of folding points in terms of the
dynamics of the bonding map f .
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A continuum is a nonempty compact connected metric space. It is called chainable
(or arc-like), if it admits an ε-mapping onto the interval [0, 1] for every ε > 0. Every
chainable continuum can be represented as an inverse limit on intervals, possibly with
varying bonding maps (see e.g. [26]). In this paper we study topological properties of
a wide class of chainable continua lim←−{I, f}, where f : I → I is a long-zigzag map.
Definition 1.1. A map f : I → I is called long-zigzag if there exists ε > 0 such that
for every n ∈ N0 and every interval [a, b] ⊂ I such that fn([a, b]) = [fn(a), fn(b)] (or
fn([a, b]) = [fn(b), fn(a)]), fn(x) 6∈ {fn(a), fn(b)} for every x ∈ (a, b), and |fn(a) −
fn(b)| < ε, it holds that fn maps [a, b] homeomorphically onto fn([a, b]).
Intuitively, long-zigzag maps are interval maps for which the lengths of possible zigzags
(see Figure 1) in all iterates are bounded from below. Specifically, a map f will be
called zigzag-free if it has a property that whenever f([a, b]) = [f(a), f(b)] or f([a, b]) =
[f(b), f(a)] and f(x) 6∈ {f(a), f(b)} for all x ∈ (a, b), then f |[a,b] is a homeomorphism,
see Definition 3.1. Every zigzag-free map, and this includes all unimodal maps (see
Lemma 2.1. in [4]), is long-zigzag. On the other hand the interval maps which produce
the pseudo-arc (e.g. Henderson’s map [25]) are not long-zigzag maps.
We show that the assumption of a map being long-zigzag is actually very mild - if
interval map f has finitely many critical points {c1, . . . , cn} such that if fk|[ci,ci+1] is
one-to-one for every k ∈ N, then the length of branches |fk([ci, ci+1])| is bounded from
below, then f is long-zigzag. Specifically, every piecewise monotone f which is locally
eventually onto is long-zigzag, see Corollary 3.8. We say that f is locally eventually onto
(leo), if every open interval in I is eventually mapped onto the whole I. To assume
leo is also not a severe restriction in our context since any interval map with finitely
many critical points and without restrictive intervals, periodic attractors or wandering
intervals is conjugate to a piecewise linear leo map, or semi-conjugate otherwise (see
[31] or Theorem 8.1 from [30]). It is easy to see that there also exist long-zigzag interval
maps with infinitely many critical points. Moreover, the space of long-zigzag interval
maps is dense in the Ck-topology for every k ∈ N in the space of all continuous interval
maps. This follows since long-zigzag maps include long-branched interval maps and
the later contain the set of hyperbolic maps. Hyperbolic maps are dense in the set of
surjective interval maps in the Ck-topology for every k ∈ N, see [30, 28] for details.
Our study is motivated by results on the structure of local inhomogeneities of unimodal
inverse limit spaces, see e.g. [8, 35, 22, 3], and by the lack of basic tools to study inho-
mogeneities of indecomposable one-dimensional continua beyond the unimodal setting.
An interval map f is called unimodal if there exists a unique critical point c ∈ (0, 1).
Unimodal inverse limits present a simplified models for global attractors of He´non maps
Ha,b : R
2 → R2, Ha,b = (1 − ax2 + by, x) (sometimes they are indeed an actual model,
see [7]). They have recently generated a significant research interest, both in continuum
theory, culminating with the proof of the Ingram conjecture in [6], and in dynamical
systems, by the works of Boyland, de Carvalho and Hall [14, 15, 16, 17] (from both
topological and measure theoretical perspective). When studying the local structure of
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unimodal inverse limits, it turns out that one of the key properties is that unimodal
maps are long-zigzag. Using only analytic observations for interval maps (specifically
avoiding symbolic arguments used in the unimodal setting), we prove that the following
results on unimodal inverse limits hold in a much wider setting.
(1) The properties of endpoints. If f : I → I is unimodal, then every endpoint in
lim←−{I, f} is an endpoint of every arc which contains it (Bruin [22]).
A point x in a chainable continuum K is called an endpoint, if for every two subcontinua
x ∈ A,B ⊂ K it holds that A ⊂ B or B ⊂ A. A point x in a continuum K is called an
L-endpoint if x is an endpoint of every arc in which it is contained (this definition was
given by Lelek [29] for the study of dendroids).
Definition 1.2. Let X = lim←−{I, fi} and x = (x0, x1, . . .) ∈ X. For i ∈ N0 we define the
i-basic arc Ai(x) as the maximal arc in X such that x ∈ Ai(x) and pii|Ai(x) is one-to-one
(can be degenerate).
Bruin [22] (see also Brucks and Diamond [20]) introduced this notion of a basic arc and
then proves that in unimodal inverse limits a point x is an endpoint of K if and only if
it is an endpoint of its i-basic arc for every i ≥ 0 (here we call that a B-endpoint). It
follows that every endpoint in lim←−{I, f} is an L-endpoint, if f : I → I is unimodal.
The following theorem generalizes Bruin’s result for the class of long-zigzag leo maps.
Theorem 4.7. If f : I → I is a long-zigzag leo map, then the sets of B-endpoints,
L-endpoints and endpoints in lim←−{I, f} are the same.
When studying L-endpoints, a natural question which arises is how to characterize
interval inverse limits lim←−{I, fn} which are homeomorphic to an arc. In Appendix B
we provide a characterization of an arc as an inverse limit with a single bonding map
which has a finite set of critical points. That is a fundamental result, interesting also
on its own. The characterization in a more general setting is still outstanding.
(2) Dynamical characterization of folding points. Let C denote the set of critical
points of a continuous interval map f including the points 0 and 1. The omega limit set
ω(C) of C is the set of all limit points of sequences (fn(c))n∈N, for all c ∈ C. For a large
class of interval maps f , which contains unimodal maps, a folding point of lim←−{I, f}
can be characterized as a point for which all projections are in ω(C) (Raines [35]). The
class of maps from Raines’ theorem in contained in a class of long-zigzag maps, see
Corollary 3.10.
We generalize Raines’ characterization to long-zigzag interval maps f . For every n ∈ N
we denote the n-th natural coordinate projection of lim←−{I, f} to I by pin.
Theorem 5.1. Assume f : I → I is long-zigzag map. Then x ∈ lim←−{I, f} is a folding
point if and only if pin(x) ∈ ω(C) for every n ∈ N0.
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(3) Retractability and endpoints. If f is unimodal, but not conjugate to the full
tent map, then the set of endpoints in lim←−{I, f} is equal to the set of folding points if
and only if c is persistently recurrent, see [3].
The notion of persistent recurrence was first introduced in [12] in connection with the
existence of wild attractors of unimodal interval maps and was used in the construction
of wild Cantor set attractors in [23]. We generalize the notion of persistent recurrence
and characterize the class of long-zigzag inverse limits for which the set of folding points
equals the set of endpoints. We use both Theorem 4.7 and Theorem 5.1 in the proof of
the theorem below.
Definition 1.3. The map f is non-retractable along ω(C) if for every backward orbit
x = (x0, x1, x2, . . .) in ω(C) and every open interval U ⊂ I such that x0 ∈ U , the
pull-back of U along x is not monotone.
Definition 6.1 explains precisely what we mean by a monotone pull-back along x. Note
that the definition does not require recurrence of critical points. For example, the
critical set C = {0, 1/2, 1} of the full tent map T2(x) = min{2x, 2(1 − x)}, x ∈ I, is
non-retractable, yet c = 1/2 is not recurrent. Due to the lack of recurrence in this more
general setting, we avoid the use of the term ”persistent recurrence”.
Theorem 6.3. Let f : I → I be a long-zigzag leo map with the critical set C. Then
for X = lim←−{I, f} it holds that every folding point is an endpoint if and only if f is
non-retractable along ω(C).
Since it is in general hard to see from the bonding map if the map is non-retractable or
not, we provide in Appendix A jointly with Henk Bruin a characterization of interval
maps that are retractable through their dynamical properties.
(4) Effect of critical recurrence on the existence of endpoints. If f : I → I is
unimodal, then lim←−{I, f} contains an endpoint if and only if c is recurrent, i.e., c ∈ ω(c).
Moreover, if the orbit of c is infinite, then lim←−{I, f} has uncountably many endpoints,
see [8] and [22].
We show that the similar result holds true for long-zigzag leo maps f , assuming that
at least one critical point recurs on itself (i.e., c ∈ ω(c)). We emphasize that we avoid
using the technical characterization of endpoints from Theorem 1.4 of [8], which makes
our proof more accessible, even in the unimodal setting.
Theorem 7.3. If f is long-zigzag leo map, and there exists c ∈ C such that c ∈
ω(c), then there exists an endpoint in lim←−{I, f}. If additionally orb(c) is infinite, then
lim←−{I, f} has uncountably many endpoints.
We note that the mentioned results present foundations for more general theory in the
setting of graph inverse limits (and thus 1-dimensional continua in general), once the
definitions given in this paper are adjusted accordingly. For example, the notion of a
long-zigzag circle map f : S1 → S1 needs to be defined on a lift F : R→ R, and then the
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arguments in the proofs of four theorems stated above follow analogously. Therefore,
the above four theorems hold in the setting of inverse limits with circle bonding maps as
well. When underlying graphs have branching points, the definition of a folding point
has to be given more precisely in order to give an applicable theory.
Let us briefly outline the structure of the paper. After fixing notation and giving
preliminaries we discuss zigzags in interval maps and show that every leo map with
finitely many critical points is long-zigzag in Section 3. In Section 4 we discuss dif-
ferent notions of endpoints, and finish our discussion with the proofs of propositions
which imply Theorem 4.7. In Sections 5, 6 and 7, we prove Theorems 5.1, 6.4 and 7.3
respectively. Finally, Appendix A gives a characterization of retractability along ω(C)
through properties of interval maps and Appendix B provides a characterization of arc
when the bonding map has finitely many critical points. Whenever possible, we include
examples which show that the standing assumptions are indeed optimal.
2. Preliminaries and notation
The set of natural numbers is denoted by N, and N0 = N ∪ {0}. The interior and the
closure of a set S will be denoted by Int(S) and S, respectively. By I we denote the
unit interval [0, 1]. A map f : I → I always means a continuous surjective function,
and fn = f ◦ . . . ◦ f is the n-th iterate of f . A point c ∈ (0, 1) is called a critical
point of f : I → I if for every open J ∋ c, f |J is not one-to-one. The set C of all
critical points of f including 0 and 1 is called the critical set. An interval map is called
piecewise monotone, if it has finitely many critical points. Given f : I → I, an orbit
of a point x ∈ I is the set orb(x) = {fn(x) : n ≥ 0}, and an orbit of a set S ⊂ I is
orb(S) = {orb(x) : x ∈ S}. The omega-limit set of a set S ⊂ I, denoted by ω(S), is the
set of all limit points of orb(S).
A continuum is a non-empty, compact, connected, metric space. In the definition of
inverse limit space we can assume without loss of generality that the bonding functions
are surjective. Given a sequence of maps fi : I → I, i ∈ N, the inverse limit is given by:
lim←−{I, fi} = {(x0, x1, . . .) : fi(xi) = xi−1, i ∈ N} ⊂ I
N0.
Equipped with the product topology, lim←−{I, fi} is a continuum, and it is chainable,
i.e., for every ε > 0 there exists an ε-mapping onto an interval. Moreover, every
chainable continuum is an inverse limit on intervals, see [26]. The coordinate projections
are defined by pii : lim←−{I, fi} → I, pii((x0, x1, . . .)) = xi, for i ∈ N0 and they are all
continuous. Also, for i ∈ N0, an i-box is the set of the form pi−1i (U), where U ⊂ I is an
open set. The set of all i-boxes, i ≥ 0, forms a basis for the topology of lim←−{I, fi}.
If fi = f for all i ∈ N, we denote the inverse limit by X = lim←−{I, f}. In that case there
exists a homeomorphism fˆ : X → X , given by
fˆ((x0, x1, . . .)) := (f(x0), f(x1), f(x2), . . .) = (f(x0), x0, x1, . . .).
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It is called the natural extension of f (or sometimes shift homeomorphism). If f is
unimodal then X is called a unimodal inverse limit space.
3. Zigzags in interval maps
In this section we define the basic notions that we need in the rest of the paper and
prove in Corollary 3.8 that every piecewise monotone leo map is long-zigzag.
Definition 3.1. A map f : I → I is called zigzag-free if for every interval [a, b] ⊂ I
such that f([a, b])) = [f(a), f(b)] (or f([a, b]) = [f(b), f(a)]), and f(x) 6∈ {f(a), f(b)}
for every x ∈ (a, b), it holds that [a, b] is mapped homeomorphically onto f([a, b]) (see
examples of maps which are not zigzag-free in Figure 1).
a
f(a)
f(b)
b a
f(a)
f(b)
b
Figure 1. Maps f which are not zigzag-free.
Note that there is no smoothness condition regarding the function f in the definition
above, however for simplicity we will draw all pictures piecewise linear. In the next two
results we need the following observation.
Observation 3.2. For maps f, g : I → I write F = f ◦ g and assume a < b ∈ I
are such that F ([a, b]) ∈ {[F (a), F (b)], [F (b), F (a)]} and F (x) 6∈ {F (a), F (b)} for all
x ∈ (a, b). Then also g([a, b]) ∈ {[g(a), g(b)], [g(b), g(a)]} and g(x) 6∈ {g(a), g(b)} for
all x ∈ (a, b). The same holds for f , i.e., f([g(a), g(b)]) ∈ {[f ◦ g(a), f ◦ g(b)]}, and
f(x) 6∈ {f ◦ g(a), f ◦ g(b)} for all x ∈ (g(a), g(b)). Thus f |[g(a),g(b)] is either monotone,
or f has at least two critical points in (g(a), g(b)), in which case |F (a) − F (b)| ≥
min{|f(x)− f(y)| : x 6= y neighbouring critical points of f}.
The last statement in the observation above will be used later in Theorem 3.6.
Lemma 3.3. If f is zigzag-free, then fn is zigzag-free for every n ∈ N.
Proof. We use Observation 3.2 in the case when g = f . Assume that 0 ≤ a < b ≤ 1
are such that fn([a, b]) = [fn(a), fn(b)] or fn([a, b]) = [fn(b), fn(a)] and fn(x) 6∈
{fn(a), fn(b)} for every x ∈ (a, b). Then f([a, b]) = [f(a), f(b)] or f([a, b]) = [f(b), f(a)],
and f(x) 6∈ {f(a), f(b)} also, so since f is zigzag-free, f |[a,b] is monotone. The same
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1
3
1
2
2
3
1/3
1/2
2/3
f
p
Figure 2. Example by Minc (2001) suggested as a candidate for a coun-
terexample to the Nadler-Quinn problem [33]. The map is long-branched
and thus also long-zigzag. However, it is not zigzag-free.
holds for f i+1|[f i(a),f i(b)] for every i ∈ {1, . . . , n−2}. It follows that fn|[a,b] is one-to-one,
so fn is zigzag-free. 
Definition 3.4. A map f : I → I is called long-zigzag if there exists ε > 0 such that
for every n ∈ N0 and every interval [a, b] ⊂ I such that fn([a, b]) = [fn(a), fn(b)] (or
fn([a, b]) = [fn(b), fn(a)]), fn(x) 6∈ {fn(a), fn(b)} for every x ∈ (a, b), and |fn(a) −
fn(b)| < ε, it holds that fn maps [a, b] homeomorphically onto fn([a, b]).
Remark 3.5. Map f : I → I is called long-branched if there exists ε > 0 such that for
every n ∈ N and every adjacent critical points a < b of fn it holds that |fn([a, b])| > ε.
Note that every long-branched map is also long-zigzag. For example, Minc’s map (see
Figure 2) is long-branched, since the lengths of branches of fn are bounded below by 1/3
for every n ∈ N. However, there are non-longbranched maps which are long-zigzag. For
example, there is a dense Gδ set of slope values in (
√
2, 2] of such maps in the tent map
family (see [5]). Tent maps are zigzag-free, see Lemma 2.1 from [4], and therefore tent
maps are long-zigzag. Nevertheless, tent maps can have arbitrary small branches.
In the following theorem we show that the set of long-zigzag maps is large. As a
corollary we obtain that every locally eventually onto map f : I → I with a finite set
of critical points is long-zigzag.
Theorem 3.6. Let f : I → I be a map with finite critical set C = {0 = c1 <
c2, . . . , cN = 1}, such that for every i ∈ {1, . . . , N − 1} one of the following holds:
(a) there exists k(i) ∈ N such that fk(i)((ci, ci+1)) ∩ C 6= ∅, or
(b) fk|[ci,ci+1] is a homeomorphism onto its image for every k ∈ N, and there is
δ(i) > 0 such that |fk([ci, ci+1])| ≥ δ(i) for all k ∈ N.
Then f is a long-zigzag map.
Proof. Let Σ = {i ∈ {1, . . . , N−1} : i satisfies property (a)}, and ∆ = {i ∈ {1, . . . , N−
1} : i satisfies property (b)}. Then Σ ∩∆ = ∅.
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For i ∈ Σ let k(i) ∈ N be the minimal natural number such that there is a critical point
of f in fk(i)((ci, ci+1)).
Define
ε := min
{{
min
1≤j≤k(i)
|f j([ci, ci+1])| : i ∈ Σ
}
∪ {δ(i) : i ∈ ∆}
}
and observe that ε > 0. We will show that for every n ∈ N and every [a, b] ⊂ I
such that fn|[a,b] is not monotone, if fn([a, b]) = [fn(a), fn(b)] (or [fn(b), fn(a)]) and
fn(x) 6∈ {f(a), f(b)} for all x ∈ (a, b), then it holds that |fn(a)− fn(b)| ≥ ε.
Fix n ∈ N and [a, b] ⊂ I. By Observation 3.2, either f |fn−1([a,b]) is monotone, or f
contains at least two critical points in fn−1([a, b]). In the later case |fn(a) − fn(b)| ≥
min{|f(ci)− f(ci+1)| : i ∈ {1, . . . , N − 1}} ≥ ε.
Assume f |fn−1([a,b]) is monotone. Again, either f |fn−2([a,b]) is monotone, or f contains
at least two critical points in fn−2([a, b]). In the later case |fn−1(a) − fn−1(b)| ≥
min{|f(ci)−f(ci+1)| : i ∈ {1, . . . , N−1}}. Since f |fn−1([a,b]) is monotone, it follows that
f 2|[ci,ci+1] is monotone, and we conclude that |fn(a)− fn(b)| ≥ |f 2([ci, ci+1])| ≥ ε.
We continue inductively and conclude that |fn(a)− fn(b)| ≥ ε. 
Definition 3.7. We say that a map f : I → I is locally eventually onto (leo) if for
every [a, b] ⊂ I there exists n ∈ N such that fn([a, b]) = I.
Corollary 3.8. Every piecewise monotone leo map f : I → I is long-zigzag.
Proof. Since for every [ci, ci+1] there is k ∈ N such that fk([ci, ci+1]) = I, the proof
follows directly from the previous theorem. 
Remark 3.9. It is obviously not enough to assume only piecewise monotonicity of f
in Corollary 3.8, see e.g. map on Figure 4 and its iterations.
Corollary 3.10. If f : I → I is piecewise monotone map with the property that for
every interval J ⊂ I, and every connected component A of f−1(J) it holds that |A| ≤ |J |,
then f is long-zigzag.
Proof. Let C = {0 = c1 < c2 < . . . < cN = 1} be the critical set of f . Note that for
every i ∈ {1, . . . , N −1} for which fk|[ci,ci+1] is one-to-one, it holds that |fk([ci, ci+1])| ≥
|ci+1 − ci|. We define δi := |ci+1 − ci| and apply Theorem 3.6. 
4. Types of endpoints
In this section we study different notions of an endpoint in interval inverse limits and
how they emerge. We study lim←−{I, fi}, where fi : I → I is a continuous surjection for
every i ∈ N.
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Definition 4.1. Let K be a chainable continuum. We say that x ∈ K is an endpoint
if for every subcontinua A,B ⊂ K such that x ∈ A∩B, it holds that A ⊂ B or B ⊂ A.
We say that x ∈ K is an L-endpoint (definition is due to Lelek [29]) if it is an endpoint
of every arc in K which contains it.
Note that if x is in no arc of K, x is automatically an L-endpoint. Lelek’s definition of
an endpoint is usually used in the case when K is a dendroid, and the first definition
is used when K is chainable. However, we will see that L-endpoints are of significant
importance also in chainable continua. Note that every endpoint is also L-endpoint, but
the converse is not true. For instance, every vertex of degree one in a simple triod is an
L-endpoint but not an endpoint. Counterexamples can also be found among chainable
continua, for example if we attach an arc to any point of the pseudo-arc; then the point
of the intersection is an L-endpoint but not an endpoint.
In this section we partially answer the following problem, and use the obtained results
in the subsequent sections.
Problem 1. For which chainable continua lim←−{I, fi} are the two definitions of end-
points equivalent?
Bruin shows in [22] that the definitions are equivalent for inverse limits on intervals
generated by a single unimodal bonding map. There he introduces a notion of a basic
arc and then proves that in unimodal inverse limits a point x is an endpoint if and only
if it is an endpoint of its basic arc and is not “glued” to any other basic arc in x. We
generalize the notion of a basic arc here and then reformulate Bruin’s result.
Definition 4.2. Let X = lim←−{I, fi} and x = (x0, x1, . . .) ∈ X. For i ∈ N0 we define the
i-basic arc Ai(x) as the maximal arc in X such that x ∈ Ai(x) and pii|Ai(x) is one-to-one
(can be degenerate).
Observe that if Ji+k ⊂ I are closed intervals such that xi+k ∈ Ji+k and fi◦. . .◦fi+k−1|Ji+k
is one-to-one and onto Ji for every k > 0, then {x ∈ X : xi+k ∈ Ji+k, k > 0} ⊂ Ai(x).
Proposition 4.3 (Proposition 2 in [22]). Let Ts be a tent map with slope s ∈ (1, 2].
Then x ∈ lim←−{I, Ts} is an endpoint of lim←−{I, Ts} if and only if it is an endpoint of Ai(x)
for every i ∈ N0 (see Figure 3).
Proposition 4.3 motivates the third definition of an endpoint in X = lim←−{I, fi}.
Definition 4.4. We say that x ∈ X = lim←−{I, fi} is a B-endpoint if it is an endpoint
of Ai(x) for every i ∈ N0.
Note that the definition above depends on the inverse limit representation of X . For
example, an arc can be represented as an inverse limit on I generated by the identity, or
as a double spiral generated by a bonding map in Figure 4. In the first representation
the whole inverse limit space is a single basic arc and a point is an endpoint if and only
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x
flat endpoint (EF )
x? ?
?
?
nasty endpoint (EN )
x
spiral endpoint (ES)
Figure 3. Different types of endpoints in unimodal inverse limits. For
further properties of endpoints in the unimodal setting see [3].
Figure 4. Representation of an arc in which point in the interior is a B-endpoint.
Figure 5. B-endpoint which is not an L-endpoint.
if it is a B-endpoint. In the latter representation, for spiral point x = (1/2, 1/2, . . .)
every Ai(x) is degenerate and thus x is a B-endpoint. Obviously, x is not an endpoint.
It follows directly from the definitions that every L-endpoint is a B-endpoint. For
further examples of B-endpoints which are not L-endpoints see Figure 5 and Figure 6.
In general we have
{endpoints} ⊂ {L-endpoints} ⊂ {B-endpoints}.
Thus we pose the following natural problem.
Problem 2. For which lim←−{I, fi} is every B-endpoint an endpoint?
In this section we show that every B-endpoint is an endpoint in the case when all fi
are zigzag-free or long-zigzag and leo. Later we study chainable continua for which all
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Figure 6. Example of a B-endpoint which is not an endpoint, where X
is not an arc.
Ai+1 Bi+1
Ai
Bi
fi+1
xi+1
Figure 7. Since fi+1 is zigzag-free, for minimal interval J ⊂ I such that
fi+1(J) = Ai ∪ Bi it holds that fi+1|J is one-to-one.
inhomogeneities are endpoints. It will be important to restrict to the cases in which
endpoints are B-endpoints, see the proof of Theorem 6.4.
Lemma 4.5. Assume that every map fi from lim←−{I, fi} is zigzag-free. Then x ∈
lim←−{I, fi} is an endpoint if and only if it is a B-endpoint. Specially, all three defi-
nitions of endpoints are equivalent.
Proof. Assume x is not an endpoint, so there are subcontinua A,B ⊂ lim←−{I, fi} such
that x ∈ A∩B and A\B,B \A 6= ∅. Let Ai = pii(A), Bi = pii(B), i ∈ N0 be coordinate
projections. They are all intervals, xi ∈ Ai∩Bi for every i, and there exists N ∈ N such
that Ai \Bi, Bi \Ai 6= ∅, for all i > N . Since fi+1 does not contain a zigzag, there exists
an interval (li+1, ri+1) ∋ xi+1 such that fi+1|[li+1,ri+1] : [li+1, ri+1]→ Ai ∪Bi is one-to-one
and surjective, see Figure 7. So we can find an arc A := [aN , bN ]
fN+1←− [aN+1, bN+1] fN+2←−
[aN+2, bN+2]
fN+3←− [aN+4, bN+4] fN+4←− . . . such that x ∈ Int(A) ⊂ Int(AN(x)), so x is not a
B-endpoint. 
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The previous theorem can be generalized to the class of long-zigzag maps which are
locally eventually onto (leo).
Observation 4.6. If f is a leo map, and A ⊂ lim←−{I, f} is a proper subcontinuum, then|pii(A)| → 0 as i→∞ (see e.g. [19, Lemma 2]).
Theorem 4.7. If f : I → I is long-zigzag leo map, then every B-endpoint in lim←−{I, f}
is an endpoint. In particular, the sets of B-endpoints, L-endpoints, and endpoints in
lim←−{I, f} are the same.
Proof. The proof follows as the proof of Lemma 4.5. We only need to find N ∈ N such
that |Ai ∪ Bi| < ε for all i > N . However, this is always possible by Observation 4.6,
since f is leo. 
Remark 4.8. There exist long-zigzag maps (not leo) for which some B-endpoints are
not endpoints, see e.g. Figure 6. However, every such B-endpoint must be an endpoint
of its non-degenerate 0-basic arc, as we show in the next proposition. We define double
spiral points first and then show that in the inverse limits of long-zigzag maps they do
not exist.
Definition 4.9. B-endpoint x ∈ lim←−{I, fi} which is not an L-endpoint is called a double
spiral point.
Proposition 4.10. If f : I → I is long-zigzag, then lim←−{I, f} does not contain double
spiral points.
Proof. Denote by ε > 0 the constant from the definition of a long-zigzag map. Assume
that x = (x0, x1, . . .) ∈ lim←−{I, f} is a B-endpoint which is contained in the interior of a
non-degenerate arc. That means that there exist non-degenerate arcs A,B ⊂ lim←−{I, f}
such that {x} = A ∩B. Denote by Ai = pii(A) and Bi = pii(B) for i ≥ 0 and note that
every Ai, Bi are intervals in I, xi ∈ Ai ∩Bi, and f |Ai, f |Bi are surjective. Furthermore,
since A ∪ B is an arc, we can take without loss of generality |A0 ∪ B0| < ε.
Since f is long-zigzag, for every i ∈ N we can find an interval xi ∈ Ui ⊂ Ai ∩ Bi which
is mapped homeomorphically onto A0 ∩B0. As in the proof of Lemma 4.5 we conclude
that A0(x) is non-degenerate, and x ∈ IntA0(x), which is a contradiction. 
Note that for double spirals in Figure 4 and 5, there exists a homeomorphic continuum
with a different inverse limit representation lim←−{I, f} for which there are no double
spirals. Thus we ask the following question:
Question 4.11. Given X = lim←−{I, f}, is it always possible to find continuous maps
gi : I → I such that X is homeomorphic to lim←−{I, gi} and such that every B-endpoint
in lim←−{I, gi} is an L-endpoint (that is, can we find a representation of X in which there
are no double spirals)? Can we do this requiring gi = g for every i ∈ N?
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Figure 8. Example of an interval leo map f for which the inverse limit
has double spirals.
Example 4.12. There exists a leo interval map f (with infinitely many critical points)
so that lim←−(I, f) has a double spiral, see Figure 8. Namely, the intervals [a′i, b′i] ⊂ I
are such that f([a′i+1, b
′
i+1]) ⊂ [a′i, b′i] for every i ∈ N0, so A := [a′0, b′0] f←− [a′1, b′1] f←−
[a′2, b
′
2]
f←− . . . is a well-defined subcontinuum of lim←−{I, f}. The map f is constructed
such that A is a double spiral obtained in the similar way as in Figure 4. There are
intervals [ai, bi] ⊂ [a′i, b′i] for every i ∈ N0 for which f |[ai,bi] is one-to-one for every
i ∈ N0, f [ai+1, bi+1] ⊂ [ai, bi], and diamf i−1([ai, bi]) → 0 as i → ∞. It is not difficult
to see that x = (x0, x1, x2, . . .) ∈ A for which xi ∈ [ai, bi] for every i ∈ N0 is a double
spiral point. Moreover, we set f([a′0, b
′
0]) = I. Then for every interval J ⊂ I such that
[a′n, b
′
n] ⊂ J it holds that fn(J) = I. We can set f |[a′i,b′i] to be of slope 3 or more, and
f |[b′i,a′i−1] to be of slope greater than 1 for every i ≥ 1. Therefore, if J does not contain
any [a′n, b
′
n], then the diameter of f
k(J) increases as k increases. We only need to find
k ∈ N for which fk(J) contains some [a′n, b′n] and conclude that fk+n(J) = I.
Remark 4.13. The characterization of L-endpoints or double spirals in lim←−{I, fi} is
tightly connected with the characterization of lim←−{I, fi} which are arcs. Such a charac-
terization is in general tedious and technical, but in Appendix B we give an easily acces-
sible and applicable characterization of arcs lim←−{I, f} for piecewise monotone bonding
maps f which is easy to describe in terms of the dynamics of the bonding map.
14 ANA ANUSˇIC´, JERNEJ CˇINCˇ
5. Folding points
We say that a point x ∈ lim←−{I, fi} is a folding point if it does not have a neighbourhood
homeomorphic to S × (0, 1), where S is a zero-dimensional set.
Raines proved in [35, Corollary 4.8] that, if f : I → I satisfies properties (i)+(ii) (see
below), then x ∈ lim←−{I, f} is a folding point if and only if pin(x) ∈ ω(C) for every
n ∈ N0.
(i) f is piecewise monotone,
(ii) If J ⊂ I is an interval, then |A| ≤ |J | for every component A of f−1(J).
By Corollary 3.10, every f which satisfies (i)+(ii) is long-zigzag. We will generalize
Raines’ result to the class of long-zigzag maps. That is indeed a larger class, since
long-zigzag maps can have infinitely many critical points, or not satisfy property (ii).
The proof crucially uses the fact that for long-zigzag map f it holds that lim←−{I, f}
contains no double spirals.
The characterization of folding points obtained here will be used later in the proof of
Theorem 6.4, with the assumption that f is either zigzag-free or long-zigzag and locally
eventually onto. In this setting we know that then point in the inverse limit is an
endpoint if and only if it is an L-endpoint by Theorem 4.7.
Theorem 5.1. Assume f : I → I is a long-zigzag map. Then x ∈ lim←−{I, f} is a folding
point if and only if pin(x) ∈ ω(C) for every n ∈ N0.
Proof. Denote by ε > 0 the constant from the definition of long-zigzag map, i.e., for
every n ∈ N0 and minimal [a, b] ⊂ I such that fn([a, b]) = [fn(a), fn(b)] (or fn([a, b]) =
[fn(b), fn(a)]) and |fn(a) − fn(b)| < ε it holds that fn|[a,b] is one-to-one. Denote by
x = (x0, x1, . . .) ∈ lim←−{I, f}.
(⇒) Assume first that there exists δ > 0 such that (x0−δ, x0+δ)∩{fn(C) : n ∈ N0} = ∅
and study 0-box U := pi−10 ((x0 − δ, x0 + δ)). Let A ⊂ U be a maximal connected set.
Then we can write A = lim←−{Ai, f |Ai}, where Ai ⊂ I is a maximal connected set such
that f(Ai) = Ai−1, for every i ≥ 1, and A0 = (x0 − δ, x0 + δ). Note that a priori f |Ai
does not need to be a surjection onto Ai−1. However, note that Ai does not contain a
critical point c ∈ C, since otherwise f i(c) ∈ A0, which contradicts the assumption. We
conclude that pi0|A is one-to-one onto (x0−δ, x0+δ). Thus, U = (x0−δ, x0+δ)×S, where
S = pi−10 (x0) ⊂ lim←−{I, f} is one-dimensional (otherwise x0 ∈ fn(C)). By applying f̂n
to x we can argue analogously if xn /∈ ω(C). This covers one side of the proof. Note
also that here we did not use the fact that f is long-zigzag.
(⇐) Let xn ∈ ω(C) for every n ≥ 0 and assume by contradiction that x is not a
folding point. Recall from Proposition 4.10 that there are no double spirals so the
0-basic arc A0(x) is non-degenerate. Also, we can assume that x0 is contained in the
interior of A0(x) (otherwise we find the smallest i ∈ N so that xi ∈ Int(Ai(x))). Take
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0 < δ < ε such that pi0(A0(x)) ⊃ (x0 − δ, x0 + δ) and let J ⊂ A0(x) be such that
pi0(J) = (x0 − δ, x0 + δ). Denote by Jn = pin(J) for n ∈ N0. We will study the open
neighbourhoods of J given by Un := pi
−1
n (Jn) for n ∈ N0. Note that, since n-boxes form
a basis for the topology, and after shrinking δ if necessary, we can find N ∈ N such that
Un is homeomorphic to a zero-dimensional set times an arc for every n ≥ N .
Fix n ≥ N and let us study the arcs of maximal length in Un. Every such arc is of the
form B = lim←−{Bi, f}, where Bn = Jn, and Bk+n is maximal such that fk(Bk+n) ⊂ Jn.
Note that f |Bi is a homeomorphism onto the image for every 1 ≤ i < n. If f |Bj is
also a homeomorphism for j ≥ n, then endpoints of B are projected via pi0 to x0 − δ
and x0 + δ. Since x0 ∈ ω(C), there exist lim←−{Bi, f} for which there is j ≥ n such
that f |Bj is not one-to-one. Let us take the smallest such j. Then, since δ < ε, f |Bj
is not onto and f maps endpoints of the arc Bj to the same point. Moreover, since f
is surjective, for every k ≥ 1 we can find Bj+n+k such that f |Bj+n+k is onto Bj+n+k−1.
Denote by Qn = lim←−{Bi, f}; it must be an arc since Un is a zero-dimensional set of
arcs. Moreover, by construction, the endpoints of Qn are projected via pin to the same
point. Specifically, the endpoints are projected via pi0 to the same point (either x0 + δ
or x0 − δ). Note that an arc Qn exists for infinitely n ≥ N . Since the neighbourhoods
Un of A0(x) shrink as n increases, there exists a sequence of arcs (Qn)n≥N in U0 such
that ∂Qn converges to an endpoint of A0(x) as n→∞. However, this implies that such
U0 is not homeomorphic to a zero dimensional set of arcs, a contradiction. 
Remark 5.2. In general, it can happen that pin(x) ∈ ω(C) for every n ≥ 0, but x is
locally homeomorphic to a zero dimensional set of arcs, see for example Figure 4. In
that case x is contained in a double spiral. In general it is very difficult to check if a
double spiral point is a folding point or not, see e.g. Example 4.12. A positive answer
to Question 4.11 would give a nice way around that difficulty.
6. Retractability along ω(C) and endpoints
We generalize the notion of persistent recurrence introduced by Blokh and Lyubich in
[12]. Namely we define when an interval map is non-retractable and show that a long-
zigzag leo map f : I → I is non-retractable along ω(C) if and only if the set of endpoints
E equals the set of folding points F in lim←−{I, f}.
Definition 6.1. Let f : I → I be a map with critical set C. Let x = (x0, x1, . . .) ∈
lim←−{I, f} and let J ⊂ I be an interval. The sequence (Jn)n∈N0 of intervals is called a
pull-back of J along x if J = J0, xk ∈ Jk and Jk+1 is the largest interval such that
f(Jk+1) ⊂ Jk for all k ∈ N0. A pull-back is monotone if C ∩ Int(Jn) = ∅ for every
n ∈ N.
Definition 6.2. Let f : I → I be a map with critical set C. We say that f is retractable
along ω(C) if there exists a backward orbit x = (x0, x1, x2, . . .) in ω(C) and an open
interval U ⊂ I such that x0 ∈ U and such that U has a monotone pull-back along
x. Otherwise, f is called non-retractable along ω(C). We will often only write non-
retractable.
16 ANA ANUSˇIC´, JERNEJ CˇINCˇ
Remark 6.3. Note that the notion of non-retractable map does not require recurrence
of critical points or of the critical set C. For example, the map in Figure 9 has the
property that ω(C) ∩ C = ∅, but f is non-retractable.
The motivation for studying when E = F comes from the topology of inverse limits
of infinitely renormalisable unimodal maps, where it is known that F = E , and f |ω(c)
is conjugate to an adding machine. Later, strange adding machines were discovered in
non-infinitely renormalisable unimodal maps [11]. That led to a hypothesis that F = E
might be related to embedded adding machines, or at least the property that f |ω(c) is
one-to-one, see [1]. However, examples in [2] showed the hypothesis to be false. In [3]
it is proven that the crucial notion for F = E is persistent recurrence. It turns out that
F = E if and only if the critical point c of a unimodal map is persistently recurrent.
We generalize this to inverse limits of leo long-zigzag maps f in the following theorem.
The more general proof is even simpler than the proof of Theorem 4.13 in [3], once we
understand the notions of folding points and endpoints well enough.
Theorem 6.4. Let f : I → I be a long-zigzag leo map with the critical set C. Then for
lim←−{I, f} it holds that all folding points are endpoints if and only if f is non-retractable
along ω(C).
Proof. Since f is long-zigzag, we know that x = (x0, x1, . . .) ∈ lim←−{I, f} is a folding
point if and only if xn ∈ ω(C) for every n ≥ 0 due to Theorem 5.1. Also, since f is
additionally leo, we know that x is an endpoint if and only if it is a B-endpoint (if and
only if it is an L-endpoint) due to Theorem 4.7. So, x is not an endpoint if and only if
there is n ≥ 0 such that (xn, xn+1, . . .) is contained in the interior of its 0-basic arc.
If f is retractable, there exists a folding point x = (x0, x1, . . .) ∈ lim←−{I, f}, an interval
J ⊂ I such that x0 ∈ Int(J), and an infinite monotone pull-back (Jn)n∈N0 of J along
x. Therefore, lim←−{Jn, f |Jn} is an arc in lim←−{I, f} and it contains x in its interior, and
thus x is not an endpoint.
For the other direction, let f be non-retractable and assume that there is a folding
point x = (x0, x1, . . .) ∈ lim←−{I, f} which is not an endpoint. Without loss of generality
we can assume that x is contained in the interior of its 0-basic arc. Otherwise, we
use fˆ−j(x) for some j ∈ N large enough. Let A ⊂ A0(x) be an open subset of the
0-basic arc of x such that x ∈ Int(A) and such that A does not contain endpoints of
A0(x). Then (pin(A))n∈N0 is a monotone pull-back of pi0(A) along x, so f is retractable,
a contradiction. 
Appendix A is a natural continuation of this section, but since it is considerably more
technical, we moved it to the end of the paper. It gives a characterization of interval
maps that are non-retractable along ω(C), through the dynamical properties of the
maps.
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f
x
y
Figure 9. Example for which ω(C)∩C = ∅ but lim←−{I, f} is an arc and
thus has endpoints. Actually, endpoints are (x, x, x, . . .) and (y, y, y, . . .),
x, y 6= 1/2.
7. Endpoints and critical recurrence
Barge and Martin [8] give a characterization of endpoints in lim←−{I, f} in terms of
dynamics of map f . They prove, among other things, that if f has finitely many critical
points, a dense orbit, and if ω(C) ∩ C = ∅, then there are no endpoints. Assumption
of dense orbit is indeed required, e.g. we can take f which generates a two-sided spiral
as in Figure 9 for an example that confirms that. In this section we establish a partial
converse of the Barge and Martin result.
First, we show with the following example that only the condition ω(C) ∩ C = ∅ is
not enough to obtain the converse of the statement above. Thus, we need to impose
additional assumptions on f .
Example 7.1. There exists an interval map f so that lim←−(I, f) has no endpoints
but ω(C) ∩ C 6= ∅, see map f in Figure 10. The three intervals I1 = [0, 1/3], I2 =
[1/3, 2/3], I3 = [2/3, 1] ⊂ I are f -invariant and lim←−(I, f) = lim←−(I1, f |I1)∪ lim←−(I2, f |I2)∪
lim←−(I3, f |I3). Note that lim←−(I1, f |I1) and lim←−(I3, f |I3) are disjoint Knaster continua
and lim←−(I2, f |I2) are two sin(1/x)-continua that share the same bar. Furthermore,
lim←−(I1, f |I1) ∩ lim←−(I2, f |I2) = {(1/3, 1/3, . . .)} is the endpoint of the Knaster continuum
lim←−(I1, f |I1) and the endpoint of one of the rays in lim←−(I2, f |I2). A similar conclusion
holds for lim←−(I2, f |I2)∩ lim←−(I3, f |I3) = {(2/3, 2/3, . . .)}. Therefore lim←−(I, f) has no end-
points. However, ω(C)∩C 6= ∅ since the two critical points 1/3 and 2/3 are 2-periodic.
Lemma 7.2. Assume that f is zigzag-free and there is c ∈ C such that c ∈ ω(c).
Then lim←−{I, f} has an endpoint. If additionally orb(c) is infinite, then lim←−{I, f} has
uncountably many endpoints.
Proof. Denote by K0 ⊂ I an interval such that fk1(c) ∈ Int(K0) for some k1 ∈ N. If
fk(c) ∈ {0, 1} for every k ∈ N, then (0, 0, . . .) or (0, 1, 0, 1, . . .) ∈ lim←−{I, f} and they are
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f
Figure 10. Example of an interval map f such that lim←−(I, f) has no
endpoints but ω(C) ∩ C 6= ∅.
endpoints, see Theorem 2.9 in [8] for the detailed argument. We choose an arbitrary
small interval L0 such that f
k1(c) ∈ Int(L0), and an interval Kk1 such that c ∈ Int(Kk1)
and fk1(Kk1) ⊂ L0.
Since c ∈ ω(c), we can continue inductively and for every j ≥ 2 find kj ∈ N such that
fkj(c) ∈ Int(Kkj−1) (infinitely many if orb(c) is infinite). We choose an arbitrary small
interval Lj−1 such that f
kj (c) ∈ Int(Lj−1), and an interval Kkj such that c ∈ Int(Kkj),
fkj(Kkj) ⊂ Lj−1.
Since the intervals Lj can be chosen arbitrarily small, and since Lj is closed for every j ∈
N0, we can define x0 = ∩i≥1fk1+k2+...+ki(Li) ⊂ L0, and xkj = ∩i≥j+1fkj+1+kj+2+...+ki(Li)
⊂ Lj , for j ≥ 1. We claim that x = (x0, x1, . . . , xk1 , xk1+1, . . .) ∈ lim←−{I, f} is an
endpoint. Note that since Lj can be chosen arbitrary, if orb(c) is infinite, we can
construct uncountably many different such points x.
Since f is zigzag-free, and thus every fn is zigzag-free (Lemma 3.3), then for every
intervals K, J such that fn(J) = K and J minimal such (so there is no J ′ ⊂ J such
that fn(J ′) = K), it holds that critical points of fn in Int(J) are mapped to ∂K.
Assume that there are subcontinua A,B ⊂ lim←−{I, f} such that x ∈ A ∩ B, and such
that A 6⊂ B, B 6⊂ A. Denote the projections by Ai = pii(A), Bi = pii(B) for i ≥ 0.
Thus xi ∈ Ai ∩ Bi for all i ≥ 0. There exists N ∈ N such that Ai \ Bi, Bi \ Ai 6= ∅ for
all i ≥ N . By the definition of x and since Lj can be chosen to be arbitrarily small,
there are k, j ∈ N such that fk(Lj) ⊂ AN ∩BN . It follows that there is a critical point
c ∈ Int(AN+k ∪ BN+k) which is mapped to Int(AN ∪ BN), and that is impossible since
fk is zigzag-free. So, x is an endpoint. 
Theorem 7.3. If f is long-zigzag leo map, and there exists c ∈ C such that c ∈
ω(c), then there exists an endpoint in lim←−{I, f}. If additionally orb(c) is infinite, then
lim←−{I, f} has uncountably many endpoints.
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Figure 11. Locally eventually onto interval map for which the inverse
limit has countably infinitely many endpoints.
Proof. The proof follows analogously as in the previous lemma. Since f is leo, it follows
by Observation 4.6 that we can take M ∈ N such that |AM ∪ BM | < ε, where ε is the
constant from the definition of a long-zigzag map and then proceed analogously as in
the proof of Lemma 7.2. 
Remark 7.4. In the proof of Lemma 7.2 we use in several places that c ∈ ω(c). It is
natural to ask if the proof works in different setting. The previous lemma and theorem
also hold true if we assume that c ∈ ω(C) for every c ∈ C under the zigzag-free and
under the long-zigzag leo assumptions respectively, if we do the following. On the first
occurrence replace c ∈ ω(c) with c ∈ ω(C) and then take any c′ such that fk(c′) ∈ K
and continue with that c′. In the next step we would have ”since c′ ∈ ω(C)” etc. To get
uncountably many endpoints in that case one needs to assume that every neighbourhood
of every critical point contains at least two points from orb(C) as one can see following
the preceding proof.
Example 7.5. Besides some obvious examples of non-leo maps that give in the inverse
limit countably infinitely many endpoints, there also exist leo maps f : I → I such that
lim←−{I, f} has countably infinitely many endpoints, see e.g. Figure 11. Note that every
(x, x, x, . . .), where x ∈ I is a fixed point of f , is an endpoint (see [8], Example 3 for
the detailed argument), which gives countably infinitely many endpoints. Furthermore,
all points (x0, x1, x2, . . .) for which there exists N ∈ N so that xi 6= 1/2n for all i > N
are contained in interiors of their N-basic arcs and are thus not endpoints. There is
only countably many remaining points that can be folding points, they are of the form
fˆn((1/2, 1/22, 1/23, . . .)) for every n ∈ Z.
Appendix A. Characterization of retractability in piecewise monotone
interval maps (by Henk Bruin)
This appendix is a natural (however more technical) continuation of Section 6. In
general, it is difficult to check if f is retractable or non-retractable along ω(C), or to
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see what it has to do with recurrence. In the case of unimodal maps, [21, Section 3]
gives different (non-equivalent) notions of recurrence of the critical point which can be
checked using symbolic properties of kneading sequences. We relate the notion of a
non-retractable map introduced in Section 6 to the notions from [21], and we generalize
them to the multimodal setting.
Definition A.1. Given a piecewise monotone map f : I → I, for x ∈ I and n ∈ N we
define
rn(x) = min{|fn(x)− fn(a)|, |fn(x)− fn(b)|},
Rn(x) = max{|fn(x)− fn(a)|, |fn(x)− fn(b)|},
where [a, b] ∋ x is a maximal interval such that fn|[a,b] is monotone. Note that if x is
a critical point of fn, then there are two intervals [a, b] we can choose, but regardless
of this choice, if fN(x) ∈ C for some N ∈ N, then rn(x) = 0 for all n > N , so rn(x)
is well-defined for every x ∈ I and n ∈ N. For Rn(x) we choose the maximum of the
lengths fn([a, b]) if there are two choices. We write Mn(x) = f
n([a, b]), taking again
the maximal length interval if there are two choices.
Given a map f : I → I and c ∈ C, let c˜ = fk(c), where k ∈ N is the smallest such
that fk(c) ∈ Int(I). Note that c˜ might not be well defined if f(0), f(1) ∈ {0, 1}, but
if it is, then c˜ = fk(c) for k ≤ 3. In particular, if f : [f 2(c), f(c)] → [f 2(c), f(c)] is
unimodal map restricted to its core, then c˜ = f(0) = f 2(1) = f 3(c). For simplicity, we
will abuse the notation and denote the interval Mn+1−k(c˜) by Mn(f(c)), and similarly
rn(f(c)), Rn(f(c)).
Observation A.2. If ω(C) ⊂ {0, 1}, then f is automatically non-retractable along
ω(C), since no point of ω(C) is contained in an open interval of I.
We call a map f closure non-retractable if for every open interval U there is N ∈ N such
that U can be pulled back along backward orbits (xn)n≥0 for at most N times, where
x0 ∈ U . Otherwise f is called closure retractable. This is stronger than non-retractable,
which has the same definition, except that x0 must be in the interior of U itself.
Lemma A.3. Let f : I → I is piecewise monotone map with critical set C. Then f is
closure non-retractable if and only if lim supn→∞Rn(f(c)) = 0 for all c ∈ C.
Proof. For both implications we argue by the contrapositive.
(⇒) Suppose there is c ∈ C and δ > 0 such that Rn(f(c)) > δ infinitely often. Hence
there is a sequence (nk) such that nk+1 − nk → ∞, f 1+nk(c) → x and Rnk(f(c)) >
δ/2. In particular, x ∈ ω(C) and so is its forward orbit. Therefore, for at least
one of U = [x − δ/2, x] or U = [x, x + δ/2], we can pull U back along the orbit
fnk+1−nk(x), fnk+1−nk−1(x), . . . , x in a monotone way. Since nk+1 − nk → ∞, we can
find an infinite path in ω(C) along which U can be pulled back along an orbit in ω(C)
indefinitely, contrary to f being closure non-retractable.
(⇐) Suppose f is closure retractable, so there is an interval U and an infinite backward
orbit inside ω(C), i.e., f(xn+1) = xn ∈ ω(C) for n ≥ 0 and x ∈ U , along which U
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can be monotonically pulled back. We denote the pull-back intervals by Un. Choose
n arbitrary and take k ≥ 0 minimal such that ck+1 ∈ Un for some c ∈ C. Because
U∩ω(C) 6= ∅, such k can be found. ThenMk(f(c)) ⊃ Un and thereforeMn+k(f(c)) ⊃ U
and Rn+k(f(c)) > |U |/2. Since n is arbitrary, we find lim supnRn(f(c)) > 0. 
Corollary A.4. Let f : I → I be a piecewise monotone map with critical set C. If
lim supn→∞Rn(f(c)) = 0 for all c ∈ C, then f is non-retractable along ω(C).
Proof. Since closure non-retractable is stronger than non-retractable, this implication
is immediate from Lemma A.3. 
If f ∈ C2 does not have attracting periodic orbits or wandering intervals (in par-
ticular, for piecewise monotone maps with constant slope > 1), then the following
non-contraction property holds:
There is δ0 such that if J is a subinterval in B(C, δ0) \ C and j ≥ 1 is
minimal such that f j(J) ∩ C 6= ∅, then |f j(J)| > 2|J |.
See e.g. [24] for metric results in this direction. Without the C2 smoothness assumption,
the non-contraction property may fail, as the following example shows:
f : I → I, f(x) =
{
2x(1− x) + 1
2
, if x ∈ [0, 1
2
],
2(1− x) if x ∈ [1
2
, 1].
For this map, any left neighbourhood J of c = 1
2
returns to a right neighbourhood of c
after three iterations, and if J is sufficiently small, then |f 3(J)| < |J |.
However, the non-contraction property holds for maps with piecewise constant slope ≥
1; this is easy to prove provided f j(C)∩C = ∅. Since maps without wandering intervals
or periodic intervals (other than the whole space [0, 1]) are topologically conjugate to
constant slope maps as above, and the nature of endpoint in inverse limit spaces is not
affected by conjugacies, it is not very restrictive to make this assumption. In particular,
leo maps have neither periodic interval nor wandering intervals, and they have positive
entropy. Therefore they are conjugate to maps with the non-contraction property, and
so Theorem A.6 below fits in the setting of Theorem 6.4.
Lemma A.5. Assume that the piecewise monotone map f : I → I satisfies the non-
contraction property. If rn(f(c))→ 0 for every c ∈ C, then ω(C) is nowhere dense.
Proof. We can assume that f has no periodic cycles of intervals other than the whole
space, because otherwise we restrict f to this cycle and consider the first return map
to one of the intervals in the cycle. We can also assume that f has positive topological
entropy, because if htop(f) = 0, then all ω-limit sets are finite or Cantor sets, see [36, 18].
One characterisation of positive entropy is that I contains horseshoes, i.e., invariant
compact sets H such that fn : H → H is a horseshoe map, where 1
n
htop(f
n|H) is
arbitrarily close to htop(f), see [32]. If H ∩ C 6= ∅, then we can find a subset H ′
bounded away from C, on which fn
′
acts as a horseshoe for some n′ ≥ n, so for every
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neighbourhood U ∋ c, there is always a compact f -invariant set that intersects U in a
Cantor set but that is bounded away from C.
Define Xδ = {x ∈ [0, 1] : d(orb(x), C) ≥ δ} and X ′δ ⊂ Xδ is the perfect subset that the
Cantor-Bendixson Theorem supplies1, this latter set must contain a horseshoe, and in
particular be nonempty, for small positive δ.
Assume by contradiction that ω(C) contains intervals J . Then the interior of ω(C)
intersects X ′δ for δ sufficiently small. Indeed, if J is such an interval, then f
k(J) ∋ c
for some minimal k and some c ∈ C. Therefore fk(J) intersects some horseshoe H , say
with d(H,C) = δ. But then there are points x, y ∈ J such that fk(x), fk(y) ∈ H which
implies that x, y ∈ X ′δ. We additionally take δ < δ0/2 for the δ0 in the non-contraction
property.
By our assumption that rn(f(c))→ 0 for all c ∈ C, there is N ∈ N such that rn(f(c)) <
δ/2 for all n ≥ N and c ∈ C. Thus, since X ′δ has no isolated points, there are distinct
x, y ∈ X ′δ such that [x, y] ⊂ ω(C) and ∪Nj=0f j(C) ∩ [x, y] = ∅.
Let k ≥ N minimal, c ∈ C be such that f 1+k(c) ∈ (x, y). Then Mk(f(c)) ⊃ [x, y] and
Mk′(f(c)) ⊃ (c′ − δ, c′ + δ) for k′ = min{j ≥ k : Mj(f(c)) ∩ C 6= ∅} and some c′ ∈ C.
Because rk′(f(c)) < δ/2, the component of Mk′(f(c)) \ {f 1+k′(c)} intersecting C has
length > δ/2 while the other component contains one of fk
′−k(x) or fk
′−k(y), say
the first. Let k′′ = min{j > k′ : Mj(f(c)) ∩ C 6= ∅}. By the non-contraction property,
|Mk′′(f(c))| > δ, and we can repeat the argument. In particular, d(fk′′−k(x), f 1+k′′(c)) <
rk′′(f(c)) < δ/2. But if we can do this indefinitely, d(f
j(x), f 1+k+j(c)) < δ/2 for all
j ≥ 0 and J := [x, f 1+k(c)] is in fact a wandering interval, and so ω(C) is disjoint from
∪n≥0f−n(J). If I \∪n≥0f−n(J) contains an interval, then this interval must be preperi-
odic, so there is a periodic interval other than the whole space which was excluded at
the beginning of the proof. Therefore, ω(C) is nowhere dense. 
Theorem A.6. Let f : I → I satisfy the non-contraction property. The map f is
non-retractable along ω(C) if and only if rn(f(c))→ 0 for all c ∈ C.
Proof. (⇒) This is basically the same proof as the first half of Lemma A.3. Indeed,
suppose there is c ∈ C and δ > 0 such that rn(f(c)) > δ infinitely often. Hence there
is a sequence (nk) such that nk+1 − nk → ∞, f 1+nk(c) → x and rnk(f(c)) > δ/2.
In particular, x ∈ ω(C) and so is its forward orbit. Therefore, we can pull U :=
(x− δ/2, x+ δ/2), back along the orbit fnk+1−nk(x), fnk+1−nk−1(x), . . . , x in a monotone
way. Since nk+1− nk →∞, we can find an infinite path in ω(C) along which U can be
pulled back along an orbit in ω(C) indefinitely, contrary to f being non-retractable.
(⇐) Assume by contradiction that there is an open set U that can be pulled back
1The Cantor-Bendixson Theorem [27] states that in a Polish space, every closed set X is the disjoint
union of a perfect set and a countable set (and this perfect set is nonempty if X is uncountable). In
our case, Xδ could have isolated points, for example if there is an orientation reversing periodic point
at distance δ from C, but we can simply remove them.
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indefinitely along a backward orbit (xn)n≥0 and x0 is an interior point of U . Let U
−
and U+ be two closed subintervals of U , one on either side of x0, and both disjoint
from ω(C). Since ω(C) contains no intervals (by Lemma A.5), U+ and U− can indeed
be found, and making them smaller if necessary, we can assume that they are also
disjoint from the forward critical orbits. Let δ := min{|U−|, |U+|} > 0, and let U ′ be
the component of U \ (U+ ∪ U−) that contains x0.
For n ∈ N arbitrary, let Un, U ′n, U−n and U+n be the n-th pullbacks of U , U ′, U− and
U+ respectively. Since xn ∈ U ′n ∩ ω(C) there is k ∈ N minimal such that f 1+k(c) ∈ U ′n
for some c ∈ C. But then Mk(f(c)) ⊃ U−n ∪ U ′n ∪U+n and Mk+n(f(c)) ⊃ U− ∪U ′ ∪U+,
whence rn+k(f(c)) ≥ δ. Since n is arbitrary, rn(f(c)) 6→ 0. 
Appendix B. Characterization of arcs in inverse limits of piecewise
monotone maps
The characterization of L-endpoints in lim←−{I, f} (and furthermore, the characterization
of f for which every L-endpoint in lim←−{I, f} is an endpoint) requires an answer to the
following problem:
Problem 3. Characterize fi : I → I such that lim←−{I, fi} is an arc.
In this section we assume that f : I → I is a continuous surjection with finitely many
critical points {0 = c1, c2, . . . , cn−1, cn = 1} =: C and we only study inverse limits
lim←−{I, f} with a single bonding map f . Thus we answer the above problem partially.
We say that a point x ∈ I is f -attracted to y ∈ I if fn(x) → y as n → ∞. The set of
fixed points of f will be denoted by Fix(f) = {y ∈ I : f(y) = y}. First we prove two
simple lemmas that we use later when establishing the mentioned characterization.
Lemma B.1. Let g : I → I be a homeomorphism such that g(0) = 0, g(1) = 1. Then
every point of I is g-attracted to a point in Fix(g). Moreover, every point in a connected
component of I \ Fix(g) is g-attracted to the same point in Fix(g).
Proof. First note that Fix(g) is closed, since I is closed. So, for every x 6∈ Fix(g) there
exist x1, x2 ∈ Fix(g) such that x1 < x < x2 and (x1, x2) ∩ Fix(g) = ∅. Since g is a
homeomorphism, if g(x) < x, then x1 < g(y) < y for all y ∈ (x1, x2), so gn(y) → x1.
Analogously if g(x) > x we conclude that gn(y)→ x2 for all y ∈ (x1, x2). 
For the simplicity of phrasing the following proof we introduce the following notation:
given a map f : I → I and [a, b] ⊂ I, we say that f |[a,b] is virtually increasing if
f([a, b]) = [f(a), f(b)], f(a) < f(b) and f(x) 6∈ {f(a), f(b)} for every x ∈ (a, b).
Lemma B.2. Let f : I → I be a map. For every [x, y] ⊂ I there exists an interval
[x′, y′] ⊂ I such that f 2([x′, y′]) = [x, y] and f 2|[x′,y′] is virtually increasing.
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Proof. Fix [x, y] ⊂ I. Assume first there are c < d ∈ I such that f(c) = 0, f(d) = 1. If
there are more such points c < d, choose so that [c, d] is minimal with f(c) = 0, f(d) = 1.
Then define a = sup{z ∈ [c, d] : f(z) = x, y 6∈ f([0, z])}, and b = inf{z ∈ [c, d] :
f(z) = y, x 6∈ f([z, 1])}. Since f is a continuous surjection, a < b are well defined,
f([a, b]) = [x, y], and f |[a,b] is virtually increasing. Using the same procedure we find
x′, y′ such that f([x′, y′]) = [a, b], and f |[x′,y′] is virtually increasing, which finishes the
proof in this case.
In the other case, due to surjectivity of f , note that there are c′ < d′ ∈ I such that
f(c′) = 1, f(d′) = 0, and thus also c < d such that f(c) = d′, f(d) = c′. But then we
have f 2(c) = 0, f 2(d) = 1 and the proof again follows analogously. 
A point x ∈ K in a continuum K is called a cut point, if K \{x} is not connected. Oth-
erwise, x is called a non-cut point. We will use the following topological characterisation
of arc. A topological ray is a continuous one-to-one image of [0, 1).
Proposition B.3 (Theorem 6.17 in [34]). A continuum K is an arc if and only if K
has exactly two non-cut points.
Furthermore, we will also use the following well-known theorem of Bennett.
Proposition B.4 ([10] and Theorem 19 in [26]). Suppose f : I → I and there is a
point ζ ∈ (0, 1) so that:
(1) f([ζ, 1]) ⊆ [ζ, 1],
(2) f |[0,ζ] is monotone,
(3) There is j ∈ N such that f j([0, ζ ]) = I.
Then lim←−(I, f) is the closure of a topological ray having for a remainder the continuum
lim←−([ζ, 1], f |[ζ,1]).
Lemma B.5. Assume that f : I → I is a piecewise monotone map such that f(0) = 0,
f(1) = 1, Fix(f) = {0, 1}, and every point x ∈ (0, 1) is f -attracted to 1. Then lim←−(I, f)
is an arc.
Proof. We will show that (0, 0, . . .) and (1, 1, . . .) are the only two non-cut points of
lim←−(I, f). From Proposition B.3 it then follows that lim←−(I, f) is an arc.
Let c > 0 be the minimal critical point of f different than 0 or 1. Then f |[0,c] is one-
to-one and since fn(c) → 1 it follows that ∪n∈Nfn([0, c]) ⊃ [0, 1). Moreover, for every
x > 0 we have f([x, 1]) ( [x, 1]. Thus f([c, 1]) ⊂ [c, 1] and ∩n∈Nfn([c, 1]) = {1}. At
this point we could use a slight extension of Proposition B.4 to conclude that lim←−(I, f)
is a topological ray which limits on a point lim←−([c, 1], f |[c,1]) = {(1, 1, . . .)}, but we will
prove the theorem directly for completeness. Take any x = (x0, x1, . . .) ∈ lim←−(I, f)
such that x 6= (0, 0, . . .), (1, 1, . . .). Then there exists N ≥ 0 such that xi ∈ (0, c) for
all i ≥ N . Then for all i > N we have f([0, xi]) = [0, xi−1], f([xi, 1]) = [xi−1, 1] and
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thus A = lim←−([0, xi], f |[0,xi]) and B = lim←−([xi, 1], f |[xi,1]) are well-defined, non-degenerate
subcontinua, such that A ∪ B = lim←−{I, f} and A ∩B = {x}, so x is a cut point. 
Lemma B.6. Assume that f : I → I is a piecewise monotone map such that there
exists d ∈ (0, 1) such that Fix(f) = {0, d, 1}. In addition assume that every x ∈ (0, 1)
is f -attracted to d. Then lim←−(I, f) is an arc.
Proof. Note that f(x) > x for all x ∈ (0, d) and f(x) < x for all x ∈ (d, 1). Let c1 > 0
be the smallest and c2 < 1 be the largest critical point of f . Then f([0, c2]) ⊂ [0, c2]
and f([c1, 1]) ⊂ [c1, 1], so A = lim←−([0, c2], f |[0,c2]) and B = lim←−([c1, 1], f |[c1,1]) are well-
defined continua. Also, lim←−(I, f) = A ∪ B and since f([c1, c2]) ⊂ [c1, c2] we have that
A ∩ B = lim←−([c1, c2], f |[c1,c2]). Moreover, since f([a, b]) ( [a, b] for every 0 < a < d <
b < 1, we conclude that ∩n∈Nfn([c1, c2]) = {(d, d, . . .)}. So applying an extension of
Proposition B.4 (or arguing analogously as in the previous proof) to both A and B we
conclude that lim←−(I, f) consists of two arcs which are joined at their endpoint, thus it
is an arc. 
Remark B.7. Note that the previous two Lemmas (and consequently the following
theorem) can be extended to maps f which can have infinitely many critical points, but
for which there exist neighbourhoods of repelling fixed points (0 in the first lemma and
0, 1 in the second) which do not contain critical points. This is for instance not the case
in the Henderson’s map [25] which gives the pseudo-arc in the inverse limit.
Theorem B.8. 2 Let f : I → I be a piecewise monotone map. The space lim←−(I, f) is
an arc if and only if for every x ∈ I there exists y ∈ Fix(f 2) such that x is f 2-attracted
to y, and such that all points in a connected component of I \ Fix(f 2) are f 2-attracted
to the same point in Fix(f 2).
Proof. (⇒) Assume lim←−(I, f) is an arc. Then fˆ 2 : lim←−(I, f) → lim←−(I, f) is an arc self-
homeomorphism which preserves the endpoints of lim←−(I, f) = lim←−(I, f 2). Note that fˆ 2
is necessarily an orientation preserving homeomorphism, so fˆ 2(0) = 0 and fˆ 2(1) = 1.
From Lemma B.1 we conclude that every x = (x0, x1, . . .) ∈ lim←−(I, f 2) is attracted to a
fixed point of fˆ 2, i.e., there is a point γ ∈ Fix(f 2) such that (f 2n(x0), f 2n(x1), . . .) →
(γ, γ, . . .) as n → ∞ for (f 2n(x0), f 2n(x1), . . .), (γ, γ, . . .) ∈ lim←−(I, f 2). It follows that
f 2n(x0)→ γ ∈ Fix(f 2) as n→∞ for an arbitrary x0 ∈ I.
Now take x0, y0 ∈ I such that [x0, y0] ∩ Fix(f 2) = ∅, and assume for contradic-
tion that there exist a 6= b ∈ Fix(f 2) such that f 2n(x0) → a and f 2n(y0) → b
as n → ∞. By Lemma B.2, for every i ∈ N we can inductively find xi, yi ∈ I
such that f 2([xi, yi]) = [xi−1, yi−1] and f
2|[xi,yi] is virtually increasing. Then, obvi-
ously lim←−([xi, yi], f 2|[xi,yi]) is a subcontinuum of lim←−(I, f) which is an arc, and thus
lim←−([xi, yi], f 2|[xi,yi]) is an arc with endpoints x = (x0, x1, . . .), and y = (y0, y1, . . .).
2In the late stages of writing this paper we found out through personal communication with Sina
Greenwood that they obtained (with Sonja Sˇtimac) a characterization of arc which works for all
continuous interval maps f .
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Note that fˆ 2n(x)→ (a, a, . . .), fˆ 2n(y)→ (b, b, . . .) as n→∞. Thus Lemma B.1 implies
that there is a point (z, z, . . .) ∈ lim←−([xi, yi], f 2|[xi,yi]). Specifically, there exists a point
z ∈ Fix(f 2) such that z ∈ [x0, y0], which is a contradiction.
(⇐) To prove the other direction, assume that the critical set of f is finite, and assume
that every point is f 2-attracted to a point in Fix(f 2) such that every point in a connected
component of I\Fix(f 2) is attracted to the same point. Note that I\Fix(f 2) is a union of
intervals Ui = (ai, bi), 0 ≤ i ≤ N , such that either f 2n(x)→ ai or f 2n(x)→ bi for every
x ∈ (ai, bi). Assume without loss of generality that f 2n(x) → bi for every x ∈ (ai, bi).
Then f 2(x) ≥ ai, for otherwise there would exist a point in (ai, bi) which is f 2-attracted
to some fixed point smaller or equal to ai. If there exists no point x ∈ (ai, bi) so that
f 2(x) > bi, then f
2|(ai,bi) is a homeomorphism and we are done. So, assume that there is
x ∈ (ai, bi) such that f 2(x) > bi. Then (unless bi is the largest fixed point of f 2) there is
a point di ∈ Fix(f 2) such that (bi, di) ∩ Fix(f 2) = ∅ and f 2n(y)→ bi for all y ∈ (bi, di).
Also, then f 2(y) ≤ di for all y ∈ (bi, di) (in the special case when bi is the largest fixed
point of f 2 we take di = 1). So we have two possibilities: either f
2([ai, bi]) = [ai, bi],
or f 2([ai, di]) = [ai, di]. Lemma B.5 implies that in the first case lim←−([ai, bi], f 2|[ai,bi]) is
an arc, and Lemma B.6 implies that in the second case lim←−([ai, di], f 2|[ai,di]) is an arc
(special case when di = 1 is treated similarly as f |[0,c2] in the proof of Lemma B.6 to
conclude that the inverse limit is an arc). Therefore, lim←−(I, f 2) can be obtained as a
union of finitely many arcs which pairwise intersect in their endpoints. We conclude
that lim←−(I, f 2) is an arc. 
Remark B.9. Note that the first direction of the previous proof indeed works for general
f , not only for piecewise monotone. However, in the other direction the assumption of
finiteness of the critical set is crucial. For example, Lemma B.5 fails in the case of the
Henderson’s map from [25] since it gives pseudo-arc as the inverse limit.
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